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The expression of a biparabolic model to represent the dielectric relaxation data of polymers is combined
with a statistical method (the LEVM6 program) to provide a reasonable estimation of the parameters of this
model. The graphical and multi-response methods are compared by using data for poly(2,6-dimethylphenyl
methacrylate) (PDMP). The statistical techniques lead to a much quicker, objective estimation of
parameters and also permits a sensitive analysis of the residuals. Copyright © 1996 Elsevier Science Ltd.
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INTRODUCTION

The success of the model proposed by Havriliak and
Negami to represent the dielectric data in primary or
secondary relaxation zones is already well known!?. The
flexibility provided by the five parameters of this
equation allows us to fit much of the experimental
data. On the other hand, the Cole—Cole’ and the
Davidson—Cole* equations are particular cases of the
Havriliak—Negami gH—N) equation. Recently, Schon-
hals and Schlosser>’ proposed a physical interpretation
of the two exponents appearing in the H-N equation. At
about the same time that the H-N equation was
proposed, Huet proposed a representation of the
viscoelastic properties of some bituminous asphalts by
means of a biparabolic model®:

Eoo - EO
1+ 5(jw7'0)_k+(jw7'0)_h

E'=Ey+ (1)

where E; and E_ represent the relaxed and unrelaxed
moduli, respectively, 7, is the relaxation time and 6, 4,
and k are parameters, where 1 > 4 > k£ > 0. The name of
this model corresponds to the geometric shape of the
creep function ¢~ %, whose Laplace transform is propor-
tional to (jwry)* ! according to the following:

2 (1) (jw) = A(wre) @)

where 4 = I'(1 — k) /76 =", T is the gamma-function and
& is the Laplace transform.

From the g)oint of view of impedance spectroscopy
methodology”, ( jw’ro)k is a constant phase element
(CPE), which can be motivated by fractional differential

* To whom correspondence should be addressed

calculus'®. This element was first mentioned (histori-
cally) by Cole and Cole® as an essential ingredient of the
semiempirical model corresponding to the dielectric
response of a material having a symmetric distribution
of relaxation times. Mechanically, a parabolic element
contains the spring and dashpot elements as particular
cases. From an electrical point of view, it contains a pure
resistance or a capacitance as the limiting case.

Pérez!! modelled the viscoelastic response of a
material by using a model based on the annihilation of
defects in the matrix of that material. The behaviour is
controlled by two relaxation times and the limiting
equation formally coincides with equation (1). Thus, in
contrast to other models, the biparabolic model and the
parameters contained within it, do have a physicai
meaning.

It is our purpose in this present paper to discuss the
compliance or permittivity counterpart of the model
represented by equation (1) as a convenient starting
point for analysing dielectric relaxation data. In this
context, it is important to recognize that the biparabolic
model has six parameters instead of the five used in the
H-N equation. We also propose an electrical circuit
corresponding to the model and whose parameters
represent the physical situation in the materials under
study. Finally, a closed expression for the relaxation
times is obtained, in contrast with the approximations
for lon¥ and short times given by Decroix and co-
workers'!®. The biparabolic model is well fitted to some
of the experimental data.

EXPERIMENTAL

All of the dielectric data reported in this paper have been
obtained by means of a DEA 2970 dielectric analyser
from TA Instruments.
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THEORETICAL BACKGROUND

We will use the symbol M" instead of £” for the modulus
(viscoelastic as well as dielectric), so equation (1)
becomes accordingly:

Mx B ‘M()
I+ é(jwry) 4 (jwn)

M™ =M, + i (3)

Taking into account that permittivity (or compliance) is
in the inverse of the modulus, we obtain from (3) the
following:

o [1 +o(jwny) M jwn) hj
€ = . —k : n (4)
€o+ € [“)(JWTO) +jwm)

where ( jwy) = (wTy) Fexp(— kiz/2). and (jwry) '
(wro)”"exp(— kjm/2).

In order to describe the properties of the model it is
convenient to make some rearrangements in equation (4)
to obtain the following:

, Wk
(f'o”‘x){ler(len), ‘
=6+ — A (31
(1 + & (Jurg)” " er)
or alternatively:
€ = ¢y — .fn*;xw - (6)
1+ o Gwrt) o Gem) ]
where:
k |

——1
N:b(i(l)h and T()AT“< )/’ (71
E'X (\

In this form, the formula presents close similarities with
the classical expressions for the permittivity appearing in
refs 1-3.

Splitting into real and imaginary parts according to
e = ¢ —j€". we have:

l+(‘),(u}7'(/))2h k

i i
cos—k + (wrp)” C()S*/I + 20 (wrp)

o (wr)"”

A'sengk+sen%h
tan¢ = T N (o ]
(wrg)"+8' (wrg)

-y

!
€ =€ cosik+ cosih

(8b)

trom which we can easily obtain the behaviour of the arc
for low and high frequencies:

lim T . v T
ww%tan&:tanﬂ— —»hmw—»aozik (9a)
and
i . @ T
o 0tang = —tanZh  —lmw 0= 2k (9b)

In the same way for the characteristic retardation time,
for which wrf, = 1. we have:

m s
dsen=k —
sen2 +sen2 1

- ™ : m v _ : 2
1+6 cos~2~/\+cosih +26 cosm/z(h—k)+6

Y’ wzarctan

(10a)
and
" T - -\ T
b sen;/\ + senzh

@ = arctan | — = (10b)
1+ (‘a'cosgk + cosgh

To calculate the ¢ and 7, parameters, starting with a
previous knowledge of /4 and k, we can follow a very simple
geometrical procedure. First, we write the following:

€ —¢€

x h

x — é"(juﬂé)’ e

(JWT(/)) (l1a)

€y — €
and

e R (11b)

»
€0 € fur=

(.—

h

with i ¥ = exp(—kjr/2), and i " = exp(— hjr/2). and
representing the experimental data from the left-hand

n )2(;/1 k)

A'(:osg(h — k) + & (wr)

/
€ :6x+(€0_€x)

1+ 2{6’@7‘{,)/" g(h ~ k) + (w‘r(,) cos > /1 +&'(c 'T(/))zh ”kcosgk} + 6/3('»«)7'(’))2(’1""’ + (wT(’))zh
(7a)
and
(\/,'/3/1 k. 7;/7‘ AV 7T/
, Y (wTj)) senk + (wTp) sen A
€ = (€0 —ex) , Wk T ~ nh_ T 1 Nk s 200 — k) 5 (7b)
1+ [h (wrd) ;(/1 — k) + (wr)) coszh+d (wry)™ "cos= k} + & 2 (wrg)” +(m-{,)
and consequently:
( o & (wrp) ™ ASt}rlirl’\' + (wTé)hsengh
tan ¥ = P ) Wk / , hkog X 12 Ak (8a)
1+ (wr) cos—l«—l—(wm) cos~/z+76 (wr)" "eos 5 (h— k) + 6 % (wn)
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side of equation (11a), we can obtain & and 70 from a
plot such as that shown in Figure 1, where ¥ represents
Vector ~h and 7' the vector from the extreme of vector
7 to the curve representing (¢" — €,,)/(eo — €*). Similar
results can easily be obtained in terms of the modulus
representation. The ¢, €., ¥, ¢, ¥, ¢ and 7
parameters are represented in Figure 2.

It is interesting to compare the exponent parameters,
h and k, appearing in equation (4), with those of the
H-N equation'?:

* €0 — €0

€ =Ew'+ﬁi:6;;5ﬁﬁ (0<:a7ﬂ<1) (12

It is well known that the asymptotic behaviour gives the
following:
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and comparing these results with equations (9a) and (9b),
we obtain:

h=a=m
k=af=n

K5
h

The parameters m and » have been related to the inter-
and intramolecular correlations, respectively, i.e. with
the long- and short-range molecular motions assocnated
with the relaxation which equation (12) represents’ ’

Consequently, it is clear that the parameters 4 and k
appearing in equation (4) can be interpreted in a similar
way. On the other hand, according to a model proposed
by Pérez'*!®>, h and k characterize the distribution of
activation and diffusion times, respectively, of a defect in
a shear mlcrodomam (a mobility island in Johari’s
termmology) in the polymeric matrix. In this context, it
is also 1nterest1ng to note that the time dependence of
these two effects is close to that proposed by Ngai and
coworkers in the context of the coupling model'”!®,

Summing up, the lower the values of 4 and k, then the
larger will be the correlation between the species involved
in the relaxation. We have shown this effect in recent
research on the effect of the static strain on the dynamic
mechanical properties of some polyethers'®, the larger
the static strain, then the larger the parameters hand k,

thus indicating a decrease in correlation in the molecular
motion after applying the strain.

ELECTRIC CIRCUIT

In the former section we have seen a way to make a
reasonable estimation of the parameters appearing in
equation (4). However, in order to find the best set of
parameters to fit the experimental data, it would be very
convenient to start from all of the experimental points,
instead of only from the asymptotic behaviour of the arc,

L] 1‘ .1_[—
5 sen7k+sen2 h

0, l
8‘

-~

1+5'cos-12ik+cos-275h+25'cos‘12-t-(h—k)+5'2

/1+8'cos;k+cos;h

!

€0

| '

€0

Figure 2 Representation of the Cole—Cole diagram showing the more significant parameters
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CPE

Figure 3 Schematic diagram of the equivalent lump electric circuit

from which only a rough estimation can be obtained.
Prior to this, we will synthesize the electric circuit
corresponding to the biparabolic model, by following
the methodology of impedance spectroscopy analysis.
For this purpose we will start from the equation of the
biparabolic model in terms of the dielectric modulus. i.e.
from equation (3), but taking into account the following:

p— M*
- JwCo
where C is the capacity of the empty cell: we therefore

have the following expression for the equivalent
impedance:

*

(15)

. M,
TGy
1 {16}
+jWC0 6 ok Gt
m-{-ma)rﬂ (jw) +W( w)

In this way, we have the electric circuit shown in Figure 3.
where we obtain a capacitance in series with three
elements in parallel, where two of these are constant
phase elements (CPEs) involving a fractional dependence
on the frequency. By comparison of this electric scheme
with the biparabolic equation, we have the following:

CV] = Cw()(o (1761)
= ¢ (17b)
(60 - Ex)

o fo T Ex T(’)/\' c ok
VAR 2 s 17¢
I (:_:C() s (J‘-‘*) ( c)

and
‘h

€ T €6 Ty . h ;
Zy = — (Jw 17d)
o F(Z)C() (g/ (.] ) ( !

which relate the parameters of the biparabolic model to
the passive elements in the scheme shown in Figure 3.

RETARDATION SPECTRUM

A convenient way to represent the relaxation properties
of a material is to make use of the distribution of the
retardation times, which appears in the linear theory of
dielectric relaxation, by means of the following
equation:

. ) _(x)J Tg(t)dInT (18a)
0

1 + jwr

where:
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OC
J g(t)dInT =1 (18b)
0
and g(7) is the retardation spectrum (sometimes /(7) is
used instead of 7g(7)).

The spectrum can be understood as the number of
molecular unities relaxing in a time interval between 7 and
T+ dr; the second equation (18b) is the normalization
condition.

Obviously, for a single retardation time, 7 = 73, we
have:

€0 — €
= 19
e 1+ jwry (19)

with the result that the Debye equation is recovered.

The formal expression for g(7) depends on the specific
model used to represent the empirical data, but in general
¢(7) can be obtained by means of an inversion procedure
according to refs 20 and 21:

() = 7g(7)

U
- L, lim O[Ime" (—w + i/7) — Ime" (w + i/7)]

2
(20)

In our case, after several calculations, we obtained the
following expression:
17\
Tg(T) == <7
T ATy

hoh
senhm (%) +¢&'senkm
T

PN T bk A X
( ,) . r\/3<;) b 26 cos(h - k)ﬂ(—/) - 2cosh7r<-.r7> +2¢ coskw(%) -1
Tn T 70 To To

(21)

-

The distribution functions may, of course, be obtained
from the experimental measurements, but we think that
it is most interesting to study the changes suffered by this
function with respect to the A, k, &', and 7, parameters.

Here, # and k are parameters which describe the low-
and high-frequency behaviour, respectively. We can see in
Figure 4a, that the maximum value of 7g(7) shifts along
the abscissa and suffers a progressive diminution to give a
minimum at k ~ 0.25, which is then followed by the
development of a smaller maximum as k is increased
further. There are two cases (k = 0, 4 = k = 0.8) in which
we have a symmetric diagram corresponding to a Cole—
Cole expression. In Figure 4b we can see that the maximum
of the distribution functions decreases and suffers shifts to
the left when the / parameter is reduced. Again, when
h =k = 0.4, we obtain a symmetric Cole—Cole diagram.

When the dependence of 7g(7) on In 7/7) is studied,
the shape distribution function is not altered by the
variation of the 7) parameter. Finally, we can see in
Figure 4c the effect of the &' parameter variation on the
distribution of the relaxation times. In this case, the
maximum decreases and shifts to the left when the &
parameter increases. Again, we can see that the
symmetric Cole—Cole diagram is obtained if & = 0.

APPLICATIONS

In order to study the degree of validity of the parameters
(€0s €x. h, k, 8, &, 7y, 7)) obtained by employing the
LEVM6 program, as opposed to parameters obtained
when using the graphical techniques, we have studied the
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polymeri namely PDMP, which we have reported on
recently 2 by using both methods. In Figure 5 we can see
the complex plane representation of the experimental
data after the subtraction of the conductive contribution
and interfacial relaxation mechanisms caused by the
rough contacts of the sample with the electrodes.

In Table 1 we show the best estimates for the
parameters obtained from both methods. The first
column gives the parameters reported previously, by

0.2

P /*/'-_—N\i\

48,

W 0.1 "
e 0+/ F

L 3
0 ! |
3.2 3.6

4.4
€

Figure 5 Complex plane representation of PDMP at 195°C: (@)
experimental data; (+) estimated values

Table 1 Parameters obtained for PDMP by using the graphical
method and the LEVMS6 program

Parameter

Graphical method LEVMS6 program

4.259 4.1854

3.093
0.4950
0.1950
0.650
1.0633
1.66 x 1072

8.56 x 107°

3.2175
0.7429
0.3693
1.1594
1.5128
4,66 x 1073
9.50 x 1073

.G (1)
0,16

0,14 -

0,12

0,08

0,06 -

0,04 +

0,02 r

0,00 -

-15,00

-10,00

-5,00 0,00 5,00

10,00
In(t/t0)

15,00

Figure 6 Distribution of relaxation times of PDMP obtained using
(a) the graphical method; (b) the LEVM6 program

43,00

-2,00 -1,00 000 100 200 300 4,00

In (t/10)

5,00

Figure 4 Diagrams showing the change in the distribution of the
relaxation times for: (a) kK = 0.00, 0.05, 0.10, 0.15, 0.20, 0.30, ..., 0.80
h=08,6=1, = 107%s); (b) & = 0.40, 0.45,0.50, ..., 0.90 (k = 0.4,

§=1, = 107°s); (¢) 6=0.0, 02, ..., 20 (h=08, k=04,
75 =107"53)
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Table 2 H-N parameters obtained for PDMP by using the LEVM6
program, compared with those obtained from the biparabolic model

Parameter H--N model Biparabolic model
€ 4.1879 4.1854
€5 3.1879 3.2175
o 0.6128 0.7429
3 0.4707 (.2884
7 (8) 9.44 x 10°° 95x10°
0.10 7
g |
2 *
wn i
8 b :
=% :
é 0.05 i
B e ?
2 .
8 . *
B
a .
g' 0.00 g
£ . b
o b
£ .
® [ ]
% -0.05 -
E :
=
b=
b
~
) [ ———— e —
0.0 1.0 20 30 40 50 60 70
log f(Hz)

Figure 7 Plots of the imaginary residuals against log frequency for
PDMP at 195°C: (@) the H-N model; (O) the biparabolic model

using the graphical method**, while the second column
gives the estimates obtained when using the LEVM6
program.

In Figure 6 we can see the distribution relaxation times
obtained by using both of the collections of parameters
reported in Table 1. The & and 7, parameters are of the
same order of magnitude in both cases, whereas the ¢,
€, i and k parameters are very sensitive to the method
employed. The critical parameters are ¢, and €., because
in order to obtain the & and A parameters. the first of
these is employed, respectively.

The relatively different values of the parameters
obtained by both methods change the shape of the
distribution function. The analysis of these functions
indicates again that the most critical parameters for this
function are /# and k.

We can see from Figure 6 that the distribution
function obtained when using the method which
involves the LEVM6 program has a higher maximum
than the corresponding function obtained when using the
graphical method, in accordance with our expectations
(Figure 4).

This result suggests that the application of the LEVM6
program provides several important benefits in the
analysis of the dielectric coefficients of polymers, as
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opposed to the original graphical analysis; one of these is
the possibility of quantifying errors by means of the
analysis of residuals, as in the method followed by
Havriliak and Watts?® which employed alternative
statistical methods.

In this context, it is interesting to compare the results
obtained by using the biparabolic model with those
found when using the H-N equation (with the LEVM®6
program), because according to equation (14) we can
establish a relationship between the parameters of both
models (see Table 2). An inspection of this table reveals
that the most sensitive parameters are « = h, and
«/3 = k. Although, on formal grounds, the asymptotic
behaviour of both models is the same (equation (14)), a
different set of values can be obtained for each model
after fitting has been carried out. Moreover, in spite of
the physical meaning of the biparabolic model in
representing the experimental data, an analysis of the
residuals of both equations in fitting the obtained values
for PDMP (Figure 7) indicate that there are not
significant advantages to be gained in using an extra
parameter.
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